
in pa r t i cu la r ,  fo r  b 1 = b2= 0 (~i = al ,  a2 = az, v = O) it  follows f r o m  (35) that  

q~ (t) = qi~ [1-- 2~ arctg -~ ( i=1 . ,2) .  (36) 

1. 
2. 
3. 
4. 
5. 
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A method is cons ide red  fo r  de te rmin ing  the basic  p a r a m e t e r s  cha rac te r i z ing  a pulsed t h e r m -  
i s t o r -  l inear  r e s i s t o r  t e m p e r a t u r e - m e a s u r i n g  c i rcu i t  and ensur ing  i nc rea sed  sens i t iv i ty  to 
t e m p e r a t u r e  changes while conse rv ing  a given a c c u r a c y  of m e a s u r e m e n t .  

The main  demands  imposed  on the design of t e m p e r a t u r e - m e a s u r i n g  appa ra tuses  reduce  to sensi t iv i ty  
and accuracy .  In the event  that  a semiconduc tor  t h e r m i s t o r  is used as  the t e m p e r a t u r e  sensor ,  i t  turns  out 
that  these  demands  a r e  cont radic tory ,  s ince a high sens i t iv i ty  of  the appara tus  r e q u i r e s  a s ignif icant  c u r r e n t  
flow in the s enso r  c i rcui t ;  this  cu r r en t  heats  up the t h e r m i s t o r  and so gives r i s e  to a s y s t e m a t i c  m e a s u r e -  
ment  e r r o r .  This  e r r o r  is usual ly  reduced  at  the expense  of the sensi t iv i ty ,  by reducing the cur ren t ,  which 
fo r  m i c r o t h e r m i s t o r s  v a r i e s  f r o m  one to a few tens of m i c r o a m p s .  

The d i l e m m a  can be obviated to a l a rge  deg ree  by pulse  opera t ion of the t he rmi s to r - con t a in ing  m e a -  
sur ing c i rcui t .  If  the supply of the R T - R  c i rcu i t  (i .e. ,  the t h e r m i s t o r - l i n e a r  r e s i s t o r  circuit)  is pulsed in 
such a m a n n e r  that  the mean  power  supplied equals  the power  supplied a t  dc, then the ampli tude of the pulses  
of supply c u r r e n t  or  vol tage m a y  be i nc rea sed  over  the de value by a fac tor  of 1 /~-7  (where 7 is the duty f ac -  
tor ,  the ra t io  of pulse durat ion to the pulse repet i t ion period).  The heating of the t h e r m i s t o r  that  occurs  in 
this case  too by the c u r r e n t  pas s ing  through it  can be e s t ima ted  f r o m  the curve  of the t r ans i en t  p roce s s .  

The theory  of pulse  s y s t e m s  is well  developed and is  p r e sen t ed  in detai l  in Tsypk in ' s  books [1, 2], for  
example .  

T rans i en t  p r o c e s s e s  in t h e r m i s t o r  c i rcu i t s  for  pu l se - type  va r i a t ions  of the input quant i t ies  a re  con- 
s ide red  in [3-6]. 

Nonetheless ,  the p rac t i ca l  rea l iza t ion  of the pulse method of t e m p e r a t u r e  m e a s u r e m e n t  using s emicon -  
ductor  t h e r m i s t o r s  has been f r u s t r a t e d  until r ecen t ly  due to the absence  of a s imple  and re l iab le  h igh-speed  
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Fig. i Fig. 2 

Fig. 1. Pu l ses  of R T - R  c i rcu i t  supply voltage. T ime t in seconds.  

Fig. 2. Structural  d iagram of R T - R  c i rcu i t  (input quantity - deviation 
of c i rcu i t  supply voltage).  

measur ing  apparatus.  This probably explains the absence in the l i t e ra tu re  of specif ic  c i rcu i t s  and devices  
with t he rmi s to r s  based on the pulse method, and also the l imited number  of papers  devoted to the underlying 
theory.  

Only in r ecen t  t imes,  due to the rapid development  of digital measur ing  techniques,  has it  become pos-  
sible to ut i l ize fully the advantages of pulsing the supply of a t h e r m i s t o r - l i n e a r  r e s i s t o r  measur ing  circui t .  
This,  in turn,  cal ls  for  a more  detai led study of the t rans ien t  p r o c e s s e s  in an R T - R  c i rcu i t  accompanying a 
pulse of voltage at i ts input, with a view to developing methods of determining the basic p a r a m e t e r s  c h a r a c t e r -  
izing the mode of operat ion of the c i rcu i t  that would a s su re  high sensi t iv i ty  and a p r e sc r i b ed  accuracy  of mea -  
su remen t  of t empera tu re .  

The p resen t  pape r  is an a t tempt  to solve in pa r t  the aforement ioned problems.  

A stepwise d i sc re te  st imulus at  the input of a pulse sys tem causes  a change in the output quantity. In 
o rde r  to de te rmine  the output quantity for  a t ra in  of square  pulses (Fig. 1) act ing at  the input, we uti l ize the 
following equation der ived  in [1] for  an a r b i t r a r y  pulse repet i t ion per iod n: 

I 
Z[n, s]--Xo {K*(O , e ) - -  Z Cvo 1--e-~ e qv(n+l+e} } 

1 - -  e q" " ' ( 1 )  

where K* (0, ~) is the image, in the sense of the d i sc re te  Laplace t ransformat ion ,  of the t r an s f e r  function of an 
open-loop pulse amplitude modulation (PAM) sys tem,  when the t ransformat ion  p a r a m e t e r  

q = p~ 

equals zero .  

As shown in [1], the express ions  for  K*(0, e) have the following form:  

during the t ime of a pulse,  when 0 -< e -< T, 

K* (o, 0 = coo+ 

in the in terval  between pulses,  when y-< ~-< 1, 

K* (o, 0 = 

(2) 

l 
Z C~o 1--e qv(t-v) eq~, ~ �9 (3) 

1 -  e qv 

! 
Z e qv~ - -  1 e%(~:-v) 

C~o  �9 ( 4 )  

The coefficients  Coo and Cv0 appearing in express ions  (1), (3), and (4) a re  de termined  f rom the equation 
of the t r a n s f e r  function of the continuous system:  

c ~ =  ~,Pc(O) ,, (5) 
r (o) 

c,~= ~ . ( q o  (6) 
Q'c(qO q,, 

In o rde r  to find the t r a n s f e r  function in the p r e sen t  case ,  when the continuous sys tem compr i ses  the 
R T - R  ci rcui t ,  we util ize the s t ruc tura l  c i rcu i t  d iagram obtained in [7] on the basis of l inear ized  different ial  
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Fig. 3. Trans ien t  p r o c e s s  in R T - R  c i rcu i t  for  action 
on input of pulses  of supply voltage. D Exper imenta l  
points;  2) calculation. T ime  t in seconds. 

equations descr ibing the e l ec t ro the rma l  p r o c e s s e s  in the circui t .  We separa te  f r o m  this s t ruc tura l  d iagram 
that pa r t  connected with the act ion at  the c i rcui t  input of supply voltage var ia t ions ,  a f te r  which it  takes the 
fo rm shown in Fig. 2. The t r a n s f e r  function of the continuous sys tem can then be wri t ten in the following 
manner :  

AT(p) = PC(P) = 2UTo 

AUcir(P) Qc(P) k (1 - -  Do8 ) (Rro q- R) ('~oP -]- i) 
(7) 

Denoting 

66 ~ T/T0, 

we have that 

PC(P) 2UT0 66 
Qc(p) h ( t - -  D~8) (R~ + R) Tp + 

We introduce the t ransformat ion  p a r a m e t e r  (2), in t e r m s  of which the t r ans fe r  function is finally ex-  
p r e s s e d  as  

PC (qv) 2U~0 66 
Qc(q~,) k(1--Do6) (RTo-F R ) q~, + r 

Its cha rac t e r i s t i c  equation has one root.  Indeed, 

k (1--  Do6) (R,o H- R) (q~ H- 66) --- 0, 

whence 

q v ~ q l ~ - - 6 6 .  

Insert ion of the obtained valiles gives fo r  the coefficients Coo and C v0 

C~ (U) = - k~ -2U~~ 
k (1--D~6) (RT0 -k R) 

C~o (U) - -  - ~ "  2Ur~ 
k (1-- Do6 ) (a,o H- R) 

Since the t r an s f e r  function of the continuous sys tem has only one pole and the input quantity is voltage 
pulses of square  shape, it  follows that  ~ = 1, kp = 1 and X 0 =AUci  r .  

On the basis of the above, the change in t empera tu re  of the t he rmi s to r  due to the application of a t ra in  
of pulses at the input of the circuit will be described by the following equations: 

(8) 

(9) 

(10) 

(11) 

(12) 

during pulses  (0-< r T), 
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AT[n, e] = 2AUcirUro {1-- e-~S - [(1--e -~O-v)) - - ( 1 - - e  ~'v) e-~'(n+~)] I (13) 
k ( 1 - -  Do6 ) (RTo + R) I - -  e - 'z f ; 

in the in te rva l s  between pulses  (y-.< ~-< 1), 

2AUe~ U~o 1 - -  e ~v [e-~(,,+ 1 ) .  1 ] e -c~ . (14) 
AT[n, e ] =  k ( l ' D o 6  ) ( R ' 0 + R )  1 - - e  - a  

It  can be seen f r o m  these  exp res s ions  that  the t e m p e r a t u r e  of the t h e r m i s t o r  during a pulse and in the 
in te rva l  between pulses  v a r i e s  in accordance  with an exponential  law. In the f i r s t  case  the t e m p e r a t u r e  in-  
c r e a s e s ;  in the second, it  d e c r e a s e s .  The overa l l  c h a r a c t e r  of the va r ia t ion  of the output quantity of the pulse 
s y s t e m  can be e x p r e s s e d  with the aid of the so -ca l l ed  "envelope ~ [1], the curve  joining the m a x i m u m  or  min i -  
m u m  values  of  the output quanti ty in the t r a n s i e n t  p r o c e s s .  The m a x i m u m  va lues  of AT [n, ~] ove r  the given 
repet i t ion  pe r iods  a r e  at ta ined a t  ~ =T and the min imum values ,  a t  ~ = 0. Inse r t ing  these  values  of ~ into (13) 
gives the equations of the envelopes:  

2AUcirU~o { (1-- e-**v) [1-- e-~("+l)] }. (15) 
ATma x = AT[n, 7] = k(l__Do6) (RTo + R) 1 - -e  -c~ ' 

ATm~ n--  AT[n, 0] = k(1--  Dog ) (RTo + R) . 1--e -~ ~ " 

With inc reas ing  n, the envelopes  a lso  v a r y  in aneordmaee with an exponential  law. 

As n - -  0% a s ta te  of dynamic equi l ibr ium se t s  in in the pulse sys t em,  and the envelopes  tend to constant  
va lues  co r r e spond ing  to the m a x i m u m  and m in imum va lues  of the s t e ady - s t a t e  (quasis tat ionary)  t empe ra tu r e :  

2AUcir UT0 1-- e -~v (17) 
hTm~ ss = AT leo, 7] = 

k (1-- D06) (R~0 + R) 1-- e -~  

ATtains s ---- AT[co, 0] = 2AUcirU~o ( ~ v ~  1) e -~ 
k (1-- Dog ) (R,0 + R) ( I - -  e -~) (18) 

It  is no rma l ly  a s s um ed  that  the s t e ady - s t a t e  value of the output quantity is achieved in p rac t i ce  a f t e r  
that  number  of repet i t ion  pe r iods  n for  which the envelopes  di f fer  f r o m  the r e spec t i ve  s t eady- s t a t e  va lues  by 
not m o r e  than 5%. This  condition can be used to de te rmine  the end of the t r ans i en t  p roce s s .  In our case  

AT----~Ln-ss - -  ATtain e -an  ~ 0.05, 
hTmi~ 

which c o r r e s p o n d s  to 

_ _ _  3 (19) n ~  ln0.05 ~ - - ,  

f r o m  which it follows that the g r e a t e r  ~ = T/T0, the s h o r t e r  the duration of the t r ans ien t  p roces s .  If ~ ~ 3 ( r - -  
3To) , the t r ans i en t  p r o c e s s  t e r m i n a t e s  in the f i r s t  cycle.  

F igure  3 shows the c h a r a c t e r  of the t e m p e r a t u r e  va r ia t ion  of the MT-54  t h e r m i s t o r  and envelopes  plotted 
f rom exper imenta l  data. F o r  compar i son  we also  show in this f igure the calcula ted cu rves  obtained f r o m  the 
above fo rmulas .  

In o r d e r  to find the remain ing  p a r a m e t e r s  cha rac t e r i z ing  the pulsed mode of operat ion of an R T - R  c i r -  
cuit  we p roceed  f rom an ana lys i s  of Eqs.  (13) and (14). 

Suppose a unit s tep of vol tage ac ts  on the input of the sys t em.  F o r  this condition let  us de te rmine  the 
t ime  during which, for  a given step ampli tude AUci r, the t h e r m i s t o r  will not be overhea ted  by more  than a p r e -  
v ious ly  p r e s c r i b e d  p e r m i s s i b l e  value AThea t  per ,  de te rmined  by the specif ied accu racy  of measu remen t .  

F o r  n = 0 and y=  1, which co r re spond  to this  condition, Eq. (13) acqu i res  the f o r m  

2AUcir U~o (20) AT [0, el = ( I - -  e-~9. 
k (1--Do6 ) (RTo + R) 
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Setting AT[0, e] =&Theat  per ,  we obtain f r o m  (20) a f t e r  some  manipulat ion 

_ua~ - - l n  [ 1 _  AThcatper k(l--Do6)(Rro+R) ] 
2AUei r Uro 

f r o m  which, r e m e m b e r i n g  the adopted notation, we have 

= - -  x o In [1 - -  ATbeat P erk ( I - -  D,fi)(Rro + R) ] .  (21) tp 
L 2AUcir U:o ] 

In this manner, we see that the time (starting from the beginning of the step) during which the overheat- 
ing of the thermistor does not exceed a previously prescribed value depends on the amplitude of the voltage 
step, the thermal time constant of the circui t  T0, and also on the position of the init ial working point on the 
s ta t ic  v o l t - a m p e r e  c h a r a c t e r i s t i c  of the t h e r m i s t o r .  F o r  a pulse ampli tude equal to the ampli tude of the step,  
this  t ime  can be taken as  the pulse  durat ion tp. 

The durat ion of the in te rva l  between pu lses  will a lso  have a s ignif icant  ef fec t  on the a c c u r a c y  of m e a -  
su rement ,  s ince i t  d e t e r m i n e s  the t ime  a t  which the t h e r m i s t o r  changes  ove r  to the ini t ial  mode of operat ion 
a t  the end of each  repe t i t ion  per iod.  

In the theo ry  of pulse  s y s t e m s  one no rma l ly  a s s u m e s  that  i f  tin t is  g r e a t e r  than four  t imes  the t ime  con-  
s tant  of the sys t em,  then in ef fec t  the s y s t e m  is subjected to a single pulse .  However ,  for  a chosen input power  
to the R T - R  c i r cu i t  and pulse  durat ion,  exces s ive  i nc r ea se  of the in te rva l  between pu l ses  will lead to an i r -  
r e t r i evab le  loss  of informat ion  on the t e m p e r a t u r e  va r i a t ion  of the med ium under  invest igat ion unless  i ts  
choice is  d ic ta ted by o ther  cons idera t ions .  At the s a m e  t ime,  e x c e s s i v e  reduction of tin t will cause  the initial  
working  poInt  on the v o l t - a m p e r e  c h a r a c t e r i s t i c  to v a r y ,  with consequent  accumula t ion  of sys t ema t i c  m e a -  
s u r e m e n t  e r r o r .  

P r e s c r i b i n g  the res idua l  p e r m i s s i b l e  overheat ing  of the t h e r m i s t o r  a t  the end of the repet i t ion per iod,  
let  us de t e rmine  the cor responding  t in t s t a r t i ng  f r o m  a known pulse  duration and input power .  

F o r  n = 0 and e= 1, Eq. (14) acqu i res  the fo rm 

2AUcirUT~ (ec~v ~ 1) e-% 
ATe~176 = k(1--DoS) (R~o + R) 

f r o m  which we obtain the following a f t e r  some  manipulat ion and rep lac ing  ~ by i ts  value f r o m  (8): 

x _z01  n [ ATeoolper k(1--Do6)(RTo+R) ] (22) 
2AUci r UTo (~-~--1)- . . . . .  ] " 

Fu r the r ,  inser t ing  into (22) ~2/=tp/r0 and the value of ~ f r o m  (21), we have, finally, 

6n~ X--tp = xoln ATheat.per (23) 
ATeool per 

Equations (21) and (23) a r e  impor tan t  in p r ac t i ce  as  they give the pulse durat ion tp and the in te rva l  be-  
tween pu lses  tin t as  fimctions of the power  supplied to the t h e r m i s t o r ,  the cha rac t e r  of which is shown in Figs.  
4 and 5 for  the MT-54  t h e r m i s t o r .  

The amount  by which the power  supplied to the t h e r m i s t o r  in pulsed opera t ion of the R T - R  c i rcu i t  ex -  
ceeds  the power  which could be supplied in continuous opera t ion  is de te rmined  by the coeff icient  of t h e rma l  
loading. I ts  value is  found f r o m  (17): 

2AUcir U:~o __ 1-- e -r~ (24) 
T l = :  

ATm~,~ ss k (1-- Do6) (RTo + R) 1-- e - ~  

F o r  T = 1, which co r r e sponds  to continuous operat ion of the circui t ,  ~ = 1. With dec reas ing  7 the coeff i -  
c ient  of t h e r m a l  loading i n c r e a s e s .  

In conclusion, on the bas is  of the above ana lys i s  we can sugges t  the following o r d e r  in which to se lec t  
the basic  p a r a m e t e r s  cha r ac t e r i z i ng  the pulsed mode of t e m p e r a t u r e  m e a s u r e m e n t  using an R T - R  circui t :  

1) Start ing f r o m  the p r e s c r i b e d  a c c u r a c y  of m e a s u r e m e n t ,  e s tab l i sh  with a ce r ta in  safe ty  marg in  the 
p e r m i s s i b l e  overhea t ing  of the t h e r m i s t o r  in the t ime  of act ion of the f i r s t  pulse AThea t  per .  
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Fig. 4. Pulse  durat ion tp as function of input power for  var ious  
values  of t he rmi s to r  overheating.  Time t (see); power lo (roW). 

Fig. 5. Interval  between pulses tin t as function of  pe rmiss ib le  
res idual  overheat ing for  var ious  values of overheat ing within 
pulse. 

2) F r om the p re sc r ibed  sensi t ivi ty of the measur ing  device, de termine  the power (voltage) supplied to 
the c i rcu i t  in the pulse, and calculate via (21) the pulse duration assur ing  at  this power the establ ished over -  
heating. 

3) lorescribing the res idual  pe rmiss ib le  overheat ing of the t he rmi s to r  at  the end of the interval  between 
pulses ATeool  per ,  de te rmine  via  (235 tin t. 

4) Having de te rmined  the repeti t ion per iod  of the pulses T =tp+ tint, find f rom (85 the quantity ~ and f rom 
(195 n and the t ime at which the t rans ient  p rocess  ends. 

55 Insert ing the obtained values  into (175 and (18), de termine  the maximum value of the the rmis to r  ove r -  
heating in the t ime of the pulse ATma x ss and in the interval  between pulses ATmin ss at the end of the t ran-  
sient  p rocess .  

If the obtained ATma x ss and ATmin ss exceed the overheating of the the rmis to r  pe rmiss ib le  f rom con- 
s iderat ions of accuracy,  the calculation must  be repeated  af te r  a sma l l e r  initial overheating has been es tab-  
l ished or  by varying the values of the power in the pulse, tp, and tint. 

Considerat ions of the most  efficient use of the possibi l i t ies  of an exist ing measur ing  apparatus may im-  
mediate ly  p r e sc r ibe  the optimum value of the pulse duration and in multipoint t empera tu re  measurement ,  the 
interval  between pulses as well. In this case it remains  to de termine  using the above relat ionships  only the 
power supplied to the c i rcu i t  in the pulse which a s su re s  the pe rmiss ib le  thermal  over load of the thermis tor .  

N O T A T I O N  

RT, t he rmi s to r  res i s t ance ;  R, r es i s t ance  of l inear  r e s i s to r ;  7 = t p / %  duty rat io;  tp, pulse duration; T = 
tp+ tint, pulse repet i t ion period; tint, interval  between pulses;  n, a r b i t r a r y  p u l s e  repeti t ion period; Z, output 
quantity of l~ system; 8=At~% re la t ive  t ime,  varying f rom 0 to 1; At, t ime measured  f rom the beginning of 
each pulse; X0, amplitude of input excitation; p, Laplace operator ;  kp = AM/X0, amplif ication coefficient  cha r -  
ac te r iz ing  pulse e lement  of sys tem;  loC(qv) , Qc(qv), numera tor  and denominator  of t r ans fe r  function of con- 
tinuous system; ' QC (qv), der ivat ive of denominator  of continuous system;  qv, roots of equation Qc(qv ) = 0; PC(0), 
QC(0), numera to r  and denominator  of t r an s f e r  function of continuous sys tem for  qv = 0; AT, change of t he rm-  
i s to r  t empera tu re  due to change of c i rcui t  supply voltage AUcir;  UT0 initial voltage ac ross  t he rmi s to r  at 
working point on stat ic v o l t - a m p e r e  charac te r i s t i c ;  R T0, initial r e s i s t ance  of t he rmi s to r  at  working point; 
6 = (RT0 - R ) / ( R T 0  +R), d imensionless  pa ramete r ;  k, static dissipation factor  of the rmis to r ;  Do, dynamic fac-  
to r  [7]; TO, t he rmi s to r  t ime constant; TO=TO/(1--D08) , t ime constant of R T - R  circui t ;  Tma x ss, Train ss, r e -  
spectively,  the maximum and minimum quas is ta t ionary  the rmis to r  t empera tu re s  es tabl ished in the t rans ient  
p rocess ;  ATheat  per ,  the pe rmiss ib le  t empera tu re  to which the t he rmi s to r  may  be overheated in the t ime of a 
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pulse;  ATcool  pe r ,  the p e r m i s s i b l e  res idua l  overheat ing  of the t h e r m i s t o r  at the end of the in te rva l  between 
pulses ;  77, t h e r m i s t o r  coeff icient  of t he rm a l  loading; re ,  e l ec t r i ca l  t ime  constant  of  t h e r m i s t o r ;  ART, i n c r e -  
ment  of t h e r m i s t o r  r e s i s t a n c e  due to action of vol tage pulse.  
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D E T E R M I N A T I O N  O F  T H E  M E A N  E N E R G Y  D E N S I T Y  

O F  A L I G H T  B E A M  IN AN I R R E G U L A R  T H E R M O D Y N A M I C  

L I G H T  G U I D E  

A.  F .  Y a k u b o v ,  ]~. T .  B r u k - L e v i n s o n ,  UDC 654.91:621.372.81.09:535.811 
A .  G.  M u r a d y a n ,  a n d  O.  G.  M a r t y n e n k o  

The mean  ene rgy  densi ty  of a beam of light in an i r r e g u l a r  t he rmodynamic  light guide with r an -  
dom lens shif ts  is ca lcula ted  using the approach  desc r ibed  in [3]. 

w 1. The ene rgy  s t ruc tu re  of a beam of light propagat ing  in an optical  communica t ion  line consis t ing of 
a s e r i e s  of d i s c r e t e  phase  e o r r e e t o r s  is usual ly studied by quasiopt ieaI  methods [1]. F o r  r e g u l a r  l ines this 
approach  enables  one to obtain fa i r ly  comple te  informat ion  on the mode s t ruc tu re ,  the l o s se s  in the line, etc. ,  
but se r ious  diff icul t ies  a r e  encountered  when one a t t empts  to apply a s i m i l a r  ana lys i s  to l ines which have a 
di f ferent  kind of s ta t i s t i ca l  i r r e g u l a r i t y  (d i sp lacement  of c o r r e c t o r s ,  rotat ion of the beam,  d i f fe rences  between 
the c o r r e e t o r  p a r a m e t e r s ,  etc.) .  

G e o m e t r i c a l  optics ,  which is s i m p l e r  than other approaches ,  enables  one to obtain reasonab le  informat ion 
on the ene rgy 'd i s t r ibu t ion  in the beam of light. One of the v e r s i o n s  of this approach  is the r ay  method (see [2] 
and the r e f e r e n c e s  given there) .  Another  approach  by which the ene rgy  dis t r ibut ion can be analyzed using 
geome t r i ca l  opt ics  has been deser.ibed in [3]. A different ia l  equation for  the light ene rgy  densi ty  was obtained 
the re  which enables  one to find the ene rgy  densi ty  a t  any point in the region for  an ass igned  initial distr ibution.  
The evolution of the energy  dis t r ibut ion of the beam in this approach  is  t r a ced  in phase  space  of the beam,  and 
the ene rgy  densi ty  is t he re fo re  a function of the vec to r  which defines the coordinates  of the point in space  and 
the v e c t o r  which def ines  the d i rec t ion at the s ame  poinL The main  r e su l t  obtained in [3] is  that  the energy  
densi ty  U(x, Pi, qi ) at  a point M with coordinates  (x, qi ) in the di rect ion (Pi) is de te rmined  by the initial ene rgy  
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